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Exercise 1.

(a) If X1 ~ Cauchy(0,71), X2 ~ Cauchy(0,~2), and they are independent, then X; + Xy ~
Cauchy(0,v1 + ¥2).

(b) If X ~ Cauchy(0,7), then aX ~ Cauchy(0, ay), for all « > 0.
(c) Let {X,,} be a sequence of i.i.d. random variables, with X; ~ Cauchy(0, ). Then,

X1+...+Xn

~ Cauchy(0,7),
n

for all 7.
Solution:
(a) We have
Dx1+x: (8) = Ox, (£)Px, (t) = exp (=71 [t]) exp (—2[t]) = exp (=(y1 +72)[t]) ,

which corresponds to a Cauchy(0,v1 + 7¥2).

(b) We have
Pax(t) = px(at) = exp (—arylt]),

which corresponds to a Cauchy(0, ary).

(c) We have

n n
k=1
- t
= H exp | —v|—
n
k=1

which corresponds to a Cauchy(0, ) for all n.



Exercise 2. Let { X,,} be a sequence of random variables, such that E[X,,] = 0 and Var(X,,) < o2
for all n, and such that Cov(X;, X;) — 0 when |i — j| — oo. Then,

_ Xt X i,
n

Sh 0.

Solution: For any € > 0, Chebyshev’s inequality implies that

Var(s, 1 e
]P)(|Sn| Z 6) S eg ) = 77,262 E E COU(XZ‘,X]').
i=1 j=1

Since Cov(X;, X;) — 0 when |i — j| — oo, then for every 6 > 0, there exists N; such that
<

|Cov(X;, Xj)| < 6 forall i, j such that |i — j| > Ns. Thus, we have
1 n n 1 n
a2 CoXi X)) =5 | Y. Co(Xi X))+ Y Cou(X X))
=1 j=1 =1 j|17]|§N5 j:li*j|>N5
< 1 Y 2 b
= 2e 2l O
i=1 \j:|i—j|<Ns Jili—j|>Ns
1
<3 [n(ZN(; +1)o? + n%}
2Ns + 1 1)
<+
ne €

Taking limit as n — co, we have

lim P (]S, >€) < ;2

n—o0

Finally, since this is true for all § > 0, we get

lim P (|Sn| > €) = 0.

n—oo



Exercise 3. Let {X,,} be a sequence of i.i.d. random variables such that X; ~ N(0,1). Let us
define Y, = X1 + - - - + Xj. Show that

)R v
% 4, N(0,1/3).
n3/2
Solution: Let us define .
S, = Y.
k=1
Note that
n
k=1

Then, we have

and thus
¢n§n (t) = ¢s. | =7
2 /1 N 1 N 1
fry eX _—— — -
P 2\3 2n 6n?
Finally, if § = lim 5%, we have

which corresponds to a N'(0,1/3).
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