MASSACHUSETTS INSTITUTE OF TECHNOLOGY

6.436J/15.085] Fall 2018
Problem Set 5

Readings:
(a) Notes from Lectures 7-9.
(b) [Cinlar] Sections 1.4-1.6

Exercise 1. The worker’s union requests that all workers at a factory be given
the day off if at least one worker has a birthday on that day. Otherwise workers
agree to work 365 days a year. Management is to maximize the number of man-
days worked per year. How many workers should they hire?

Solution: Management will maximize the expected number of man-days
worked per year assuming that worker’s birthdays are independent and iden-
tically distributed uniformly over the calender year. More specifically, given n
workers, let {By, | k = 1,...,n} be the birthday of the k-th worker and D =
365 be the number of calendar days, then, for all £ and foralld € 1,{..., D},
P(By = d) = 4. Let Wy(n) be an indicator random variable for whether or

not the factory is open on day d and W (n) = Zé):l W, be the number of days
worked. Then

{Wy4(n) = 1} = {No worker has a birthday on day d}
1 n
P =1)=(1-—
— pov) =1 = (1-3) .

and the expected number of work days is

E[W(n)] = [g Wd(n)] - gE (Wa(n)] = di:: (1 - é)n -D (1 - ;)n

1

Hence the expected number of man-days worked is

1 n
DI1——| .
Consider the ratio

sy = —PU=p) (1)

(n—1)D(1-L)"" n-1 D

Then r(n) > 1 forn < D and r(n) < 1 for n > D, and the optimal number of
workers isn = D = 365.



Exercise 2. Let Q = Z,, F = 2% Complete construction of a probability
space (€2, F,P) and come up with a sequence of random variables X,, which is
increasing a.e., but E[X,,] does not converge to E[X], where X = lim,, X, a.e.

Solution: Consider the probability space (N, 2%, P) with P(k) = 7%1%2 Let
Xn(k) = —1{k > n}k. Then X,, < X, and for all n

61 6 = 1
k=n k=n

However, lim,, ., X;, = 0. Hence

lim E[X,] = —c0#£0=E ng:;o Xn} .

n—o0

Exercise 3. Let (€2, 7, P) be a probabilisty space and X > 0 a random variable.
Show

E[X] :/ (1= Fx(z))dz,
0
where Fx(x) = P[X < z]is a CDF of X. (Hint: Fubini.)

Solution: We solve the problem for a more general case: Let (2, F, ) be a
measure space with p o-finite and f > 0 measurable, then

[ Hedut) = [ ultw: 1) > alda,

Let ([0, oo, B, A) be the Lebesgue measure space and ([0, co] X, F X B, pux
A) the product measure space with (€2, F, u). Although not explicitly discussed
in lecture, the construction of ([0, 00|, B) is very similar to that of ([0, c0), B).
Moreover, for a general topological space X, B(X) is defined as the smallest o-
algebra containing all the open sets. One way to explicitly generate the topology
on [0, o0] is through the function tanh : [0,00] — [0, 1] with the continuous
extensions tanh(co) = 1. The open sets in [0, co| are then the image of open
sets in [0, 1] under tanh™'. As discussed in Lecture 9, the Lebesgue measure
is o-finite, and therefore the proofs for the probability measure and Fubini’s
theorem hold.

Consider the function g : (][0, oo] x [0, 0], B x B) — (R, B)

1 z<y

g(x,y) = ]l(x,oo}(y) = {

0 else



Let B € B,

[0,00] x [0,00] {0,1} € B

T L R e
{z <y} {1} e Band {0} ¢ B
0] else

As {z < y} is open and B x B contains all open sets, g~!(B) € B x Bin all
cases. Hence g is (B x B, B) measurable.

Claim: Let hy be (F1,G1) measurable and hg be (F2, G2) measurable. The
function h(wy,w2) = (hi(w1), h(w2)) is (F1 X Fa2,G1 X Ga2) measurable.

Let

L={EcG xGy| hY(E) e Fi x F}.

Let By, € Gy, h™'(By x By) = (hy'(B1) x hy '(Bg)) € Fi x Fa by measura-
bility of hy and hs.

F7HD) = {(w1,w2) | (ha(wn), ha(wo)) € B}
= {(wl,WQ) ‘ hl(wl) € @ or hg(wg) S @}
—0x0=0.
Thus, ¢ € L. Let {E;} € L. By properties of the inverse image h ™! (52| Ex) =
2 hTH(Eg) € Fi x Foand h~Y(ES) = (h~Y(Ey))® € Fi x F. Hence £
is a o-algebra containing a generating p-system for G; x Go, and by minimality,
L =G x Go.

In particular, the function i : (R x Q) — (R x R) h(z,w) = (z, f(w)) is
(B x F, B x B) measurable. Therefore, the function (R x Q) — (R x R)

]l(a:,oo](f(w)) = (g o h)

is (B x F, B x B) measurable. The iterated integrals are

L et man= | )i

and



Moreover, as the function is nonnegative Fubini’s theorem applies and these are
equal

/Q F(w)dp = /[0 U el

Exercise 4. Show that for integrable f

[ sa| < [ 171
Solution: By definition

‘/fdu'—‘/hdu—/f—du’

< ‘ / f+ d,u’ + ‘ / f- du‘ (Triangle Inequality)

— [edus [sodn (fesoz0)

—/\f\dﬂ-

Exercise 5 (Weird integrable functions). Let ¢)(z) = ﬁ 1(o,1)(z) and

F(z) =Y 27"p(x —ry),
n=1

where {r,} is some enumeration of all rationals in (0, 1). Show that F'(z) is a
measurable non-negative function with

/ Fd\ < 00.
[0,1]

In particular, F'(z) is finite almost everywhere on [0, 1], yet unbounded on every
interval.

Solution: The function ﬁ is continuous on (0, 1) and simple functions are
measurable. Therefore, as continuous functions are measurable and the product
of measurable functions is measurable, for all » € Q, ¢)(z — r) is measurable.

The sum of measurable functions is measurable and thus

k
fe = Z 27"p(x —1p)

n=1



is measurable. As ¢ > 0, the { f.} are increasing and nonnegative. In particular,
for all z, the sequence { fx(x)} is increasing and therefore

lim fy(x)

n—o0

exists. By definition, for all z,

F(z) = lim fi(x).

n—oo

Hence f;, — F pointwise and thus F' is measurable and nonnegative. By the
monotone convergence theorem

Fd)\—hm/ 27™"p(x — 1) dX
/[071] k—o0 01]2 ) dA(@)

:Z W(x —ry) dA(z)

0.1
_@ 3 gn / () dA\(z)
n—1 [—r,1—7]
. i gn / NG
n—1 (0,1—7) \/5
> 1
< 2"/ —dX\(z),
22" | EP@

where (a) follows from a change of variables and (??). For all m,n € N

m?  m?
Bun = | ——, ).
(n+1)2" n

For a fixed m the B, ,, are disjoint and
[o.¢]
U Bman =10,1), (1)
=m

1. .
and as £ 2 is decreasing

A

ﬁuan,m s 2



Consider the sequence of functions

k

n+1
gm,k = Z m HB'm,n'

n=m

For all m, k gy, 1, is a simple functiona and thus measurable. Moreover, by (1)
and disjoints of the B, ,, these functions increase pointwise in k to a measurable
function g, := limy_,o0 g,k on [0, 1). Therefore, by the montone convergence
theorem

1
/[ gm dx = Z/ nt Ig,,,dz
0,1)

_i/ n—l—l(mz_ m? >
_n:m [0,1) m n? (n+1)2

2n+1
m—
o 01) n2 n+1)

:n
n=m
9 o]

n=m+1
) 00
< —+42m
m m
2
= —+2
m

By (2) -1 = < gm(z) forall z € [0, 1). This provides

1 1 2
—d\(zx g/ —d\(zx g/ gm dA(z) < — + 2.
/<0,1) VT ) 0,1) VT ) 0,1) @<

As this holds for all m, it holds in the limit. Therefore,

S

1
—dX\z) < 2.
/(0,1)\/3? (@)

Hence

/ FdA§Z2-2_”<oo
[0,1]

n=1



and F' is finite almost everywhere. Moreover, as ﬁ is unbounded on (0, 1), F'

is unbounded on every interval, i.e. there is a rational r, in every interval and
the function ¢ (x — r,,) will be unbounded.

Exercise 6. For all n, let g, and g be measurable functions. Suppose that g, 1 ¢
and that [ g; du < oco. Prove that [ g, du 1 [ g dp.

Solution: Let us decompose g and each of the g, into a pair of nonnegative
functions ¢~ and g*, and g, and g;", suchthatg = g* — ¢~ and g, = g, — g,
Since g, T g, then we have that g, + g; are nonnegative functions such that
gn + 97 T g+ gy . Then, using the fact that [ g; du < oo and the MCT, we

have

/%w=/%+g—gw
/gn+91du /gldﬂ
/9+91du /gfdu
/g+91 — g1 dp
/

%

gdp.



Exercise 7. (Differentiating under the integral sign)
Let g : R? — R be a continuous function of two variables s and . Furthermore,
assume that the derivative ¢’(s, x) = (0g/0s) exists for every s and z, is jointly
measurable in (s, x) and is a continuous function of s for any fixed . Assume
lg'(s,x)| < cforall s, x.

Let X be arandom variable. Show that

SLElo(e X =B | 2205,

Note: You can use the fact from elementary calculus that under our assumptions,
g(s,z) = g(0,2) + [; 52 99 (y, x)du for all .

Solution: Taking expectation on both sides of the given identity,
s 89
0

Since the Lebesgue measure on R is o-finite and \%(u, z)| < ¢, and cis
integrable over [0, s, Fubini theorem yields

sag B s @
]E/O as(u,x)du—/ Eas(u,x)du

As a result, E[g(s, X)] = E[g(0,X)] + [ Eag (u,z)du is differentiable
with derivative at s equal to E% (s,x).
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