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The Wave Equation

¢'5' = a’V?@, for a P wave
e Often written 0(2V2¢ —% =0 or L(¢) =0 where L is an operator.

e Using d’Alembert’s Solution: @(X,t) = A(X)e‘ (kex-at) , where the wave number K indicates the
direction of the wave

Ray Parameter and Slowness
A useful way to characterize a wave’s ray path is via its slowness, the reciprocal of the apparent velocity.
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Figure 1. The arrow is used for a ray and the dashed line is used for a wavefront.

The wavenumber K indicates the direction of the ray. The angle i is both the take-
off angle and the angle of incidence.

We define the wave speed, ¢ = ds/dt, with hotizontal wave speed, ¢, = dx/dt, and vertical wave speed, ¢, =
dz/dt. Using Figure 1 we can relate the angle if incidence with the horizontal and vertical wave speed.

.. Ods dt C
sinli)=—=c—=—=c¢p
dx dx c,
N _ds dt ¢
cos(i)=—=c—=—=cC
dz dz c,
Here p is horizontal slowness, also known as the ray parameter, and 7 is vertical slowness.
1 sin(i) 1 cos(i)
p =—= 77 =— =
C, C C, C

The slowness vector, S=(,77), is composed of the horizontal and vertical slowness. Some properties of
the slowness vector:
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However, the addition of squares of horizontal wave speed and vertical wave speed does not equal to squares

2 2 2 . . . . . . )
of wave speed, C; + C, # C”. In addition, we will examine critical phenomenon in reflection and refraction

1

. . 2

with the relation 7 = ,[— — P” . In terms of wave number, each component of wave number can be
C

represented by horizontal and vertical slowness.

4
k,=—=wp k,=—=own
X z
Thus, wave number speed is related to the slowness vector.

k =(K,.k,) = (op,0n) = o(p,n) = &5

Geometric Ray Theory

Remember from plane wave superposition:

F(X,1) ~ j j j A(... e NV dk dk de
-7 =0
We will use a high frequency approximation, the limit as w—> 00, which leads to geometric ray theory. We can
gain insight into the behavior of the seismic waves by considering the ray paths associated with them. This
approach, studying wave propagation using ray path, is called geometric ray theory. Although it does not fully
describe important aspects of wave propagation, it is widely used because it often greatly simplifies the
analysis and gives a good approximation.

Eikonal Equation Afwavelft(})lnt conneits lE)oints
. . of equal phase: equal phase ~
* ckon= 1mage (Greek) equal travel time, T, from the

Consider the following solution to the wave equation, ¢ =a’V: origin.
#(X,t) = A(R)e* <D

We choose to work at a travel time, T (X).
p(X1) = A(x)e "

Working to insert this expression back into the wave equation:

Vg =VAe'" —iwAVTe "
V2 =(V2A— 0*AVT[" —i(20VA-VT + a)AVZT)) e

¢' — _a)ZAe—ia)T
2 2 2 . 2 Ao’ 2
= V?A- 0’ AVT[ —io(2VA-VT + AV?T) = - —— = - Ak}
(24
\. J - /
Y v~
Real Imaginary
@ (0] [
note: ka =—, kﬁ = — and for the general case k==
(24

For information on propagation, consider just the real part.



12.510 Lecture Notes

3.3.2007
2
VIA-? AT = - Aa“j
2 1 VZA
Aoy v

Apply the high frequency approximation and take the limit as w— 00. For sufficiently large w the right-hand
side goes to 0.

|VT|2 = iz for a P wave
(94

For the general case:

1 = 1
|VT|2 = ? = |VT(X)| = ﬁ % Grad(T)

VT(X) = ?];() k=5= (p, 77) =slowness vector

What does it mean?

Gradient of a wavefront at a position x (here defined as the travel time, surface of equal phase) is equal to the
local slowness. The direction of maximum change of the wavefront defines the direction of the wave
propagation.

What are the implications?
e Rays are perpendicular to wavefronts.

e The slowness gives the gradient of the travel time, and the gradient of the travel time specities the
direction of the ray. Each time c(x) changes, the gradient of T has to change, and the direction of
propagation changes at the same time.

e If one knows c(x), there is a way to reconstruct the direction of the ray: eikonal ray tracing.

Warning: w needs to be sufficiently large, but it does not need to be infinite for the eikonal equation to be a
valid simplification of the wave equation. There are no fixed rules but some conditions of validity exist:
e Change in wave speed along the ray has to be small i.e. the distance over which C(x) changes has to
be large compared to the wavelength.
e  Curvature, grad(T), must be small compared to the wavelength.

\V4 N

Small curvature Large curvature
Extreme case: reflection or infinite curvature. This can be studied as long as you consider
V. infinitely high frequencies — infinitely narrow rays.
Fermat’s Principle

Consider the kinetic and potential energy along an arbitrary path between two points,
A and B. Stationary points of the integrated difference between KE and PE over all 2

possible paths specify paths of “least action”. ﬁﬂ_—/{{

There are an infinite number of paths from A to B, but there is only B one ‘correct’
path: the one with the shortest travel time.

Both the shortest and the longest paths are stationary points.
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Consider the mathematical formulation of the problem.

oP
d\1 a
o
b
~
c
d e
Thp=—+—
cl 02
/2
7(a2+x2) (b2+(c—x)2)
cl 02
dr x c—x sini sinj )
—= o+ 2 st ST g (optimum!")
dx cl(a2 +x2) Cz(bz +(cfx)2)1 c ¢,
¢ 2
sini _sm j
Hence, ¢, = ¢, . Fermat’s Principle implies Snell’s Law.

The travel time curve, plotted as a function of offset, is typically a hyperbolic function. Near stationary points,
the curve is usually fairly ‘flat’, which implies that, near optimum or stationary points, the travel time is locally
insensitive to slight variations in offset. Consequently, close to a stationary point, small deviations in the ray
path can be treated as second order effects.

Slight perimrbations in the
tay path play a second

order role i the observed
travel time.

TG)

Imterval over which offset perturbations

can be treabed as secondary effects. Q
For example...
e The presence of a fast body embedded in a homogeneous medium g
causes the reference (optimal) ray path to deflect from its original
path between A and B. P St
e But, as a consequence of Fermat’s Principle, the change in ray path A Body

produces a second order effect on the arrival time.
e The effect on travel time of changes in wave speed (elastic
parameters) is first order.
Implication: We can generate reference ray paths assuming a homogeneous medium and use this reference
model to simplify subsequent analysis for heterogeneous media. — Important for travel time tomography.
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Snell’s Law in a Spherical Medium

At each interface

sini s j

=1 Cy
. (9] . O
sin j = Q smrzzo—}Qg
.. U
sin j = ——sini, = —sini,
04 "
¥, sini  r,sini
1 1 2 2
= Ep
.51 C;

sini v ] " rsini
“flat earth” - p=— spherical earth™ — p=
C
s
At critical angle, p= we can get depth of layer.
c(r,)

Ray Equation

p Directional cosine (3D and 2D)

ax, .5 0% ., ﬁz_ ﬁz éz_
C 2V =1 G+ =1

M
Direction of ray (#)

;1 =(n,0.n,) n, = & dz
ds

1 A
Using Eikonal equationVI =—n,

c
Genoralized Snell's law (Ray Eguation)

d 1. d, 1 d,
a5, ) " ds o) ds?

This equation means that the change of wavespeed is related to change of ray geometry

If there is no change in x direction, the derivative of x direction should be zero.

d 1 dx sin §
—(—--)=0 = ——=Const. = ——=Const. = Spell’ s law !/
ds (c(x) ds) c ds ons C ons e el
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How does this angle 7 change in the direction of propagation?

d (sini) di dzdi d (20) o di(s) dc
—(smi)=cosi—=——=— i S g
ds ds dsds ds P ds pdz

Therefore, the change of angle is related to the change of velocity.

dc di
If — is large = — is large
dz ds
dc di .
If — is zero {¢c = const.) = ? ig zero (i = const.) Straight
(s

Ray /!

Radius of Curvature

R : the radius of curvature

ds = Rdi
ds_1di_ 1 1
di pdec ,dc Y
p( dz) P dz)
. R is related to wavespeed gradient and ray parameter.
di ,
If d—c:{) SR >w Straight Ray !/
Z

dc . .
If — large = rapid change in ¢ Strong Gradient

rsini
from p— ,
c

small i — small p— large R






